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MA 214

MA 214: Applied Statistics

Instructor: Ashis Gangopadhyay

Hypothesis Testing
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Where We’ve Been

Reviewing 

 the notion of sampling distribution

 point estimation

 error of estimation

 confidence Interval 

MA 214
3

Where We’re Going

 What happens if instead our objective 

is to validate a claim (hypothesis) 

regarding a population parameter?
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Hypothesis Testing

 Example 1:

Suppose an automobile tire manufacturer claims that 
the mean lifetime of the tires is at least 30,000 miles.

>= 30,000 miles?
Mean
lifetime 
of

Claim
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Hypothesis Testing

 Example 1:

>= 30,000 miles?
Mean
lifetime 
of

Claim

To test the claim, a random 
sample of 36 tires is selected, 
and an experiment is carried 
out to determine the lifetime of 
the tires in the sample.
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Hypothesis Testing

 Example 1:

>= 30,000 miles?
Mean
lifetime 
of

Claim

It was found that the sample 
mean lifetime is 30,500 miles 
and the sample standard 
deviation is 2,000 miles.
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Hypothesis Testing

 Example 1:

>= 30,000 miles?
Mean
lifetime 
of

Claim

It was found that the sample 
mean lifetime is 30,500 miles 
and the sample standard 
deviation is 2,000 miles.

Is there enough evidence in the sample to accept the claim?
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Important terms

 Alternative Hypothesis (Ha)

 The statement that the investigator wants to establish.

 Null Hypothesis (H0)

 The statement which is usually the opposite of the 

alternative hypothesis.
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Hypothesis Testing

 Example 2:

Suppose a toy manufacturer is planning to 
introduce a toy model of a pickup truck. Usually toys 
like these are red in color, since it is believed that 
children have a preference for red. 

However, the company wants quantitative evidence 
to support the belief.
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Hypothesis Testing

 Example 2:

The following experiment is conducted. A random 
sample of 18 children are asked to choose between 
two pickup trucks, one red and one blue; and their 
preferences are recorded.

What is the decision rule for this problem to 
conclude that majority of the children have a 
preference for red?
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Hypothesis Testing

 Let p be the proportion of 
children in the population who 
prefer red truck.

 Hypothesis to investigate: p>0.5

 Let X be the number of children 
in the sample who preferred red 
truck.
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A “reasonable” decision rule for 
concluding that the hypothesis is true is…

1 2 3 4 5

20% 20% 20%20%20%Accept the research 
hypothesis if..

1. X > 9

2. X> 12

3. X > 15

4. X > 17

5. Any one of these 
answers can be 
“reasonable”
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Hypothesis Testing

 If p=0.5, i.e., the children have no preference, then 

the P (X>9) = 0.4072

 Thus there is a 40% chance of incorrectly concluding 

that the children have a preference for red truck!

 Similarly: 

P(X>12)=0.0481

P(X>15)=0.0006

P(X>17)≈0
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Hypothesis Testing

 Suppose we use the decision rule that we accept the 

research hypothesis only when X>17.  Thus we will 

be absolutely sure that we don’t incorrectly accept the 

research hypothesis.

 But then, what if p=0.8, i.e., 80% of the children prefer 

red truck.  In that case P( X ≤ 17)=0.982

 Thus there is a 98% chance of concluding that the 

research hypothesis is false, when in fact it is true!
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Two Types of Errors

True State of Nature

Decision H0 is True Ha is True

Accept H0 Correct Decision

Prob. = 1 – α

Type II Error

Prob. = β

Reject H0 Type I Error

Prob. = α

Correct Decision

Prob. = 1 – β
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Power of a Test

 Power of a test is the probability of 
correctly rejecting the null 
hypothesis, i.e., the probability that 
you accept Ha when in fact Ha is 
true.

 Thus 
Power=1 - P(Type II error)

=1 - β
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Toy Example (Contd.)

 We are testing the hypothesis
H0: p = 0.5   vs.  Ha: p > 0.5

 The rejection rule:
Reject H0 if X > k

For some value k, such as 9,12, 15 or 17

 What are the type I and type II errors?
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 Note that β=P(Type II Error) depends on the true value 
of the parameter under Ha.

 Thus β is not a fixed value, it depends on the true 
value of p.

 As an example, suppose the true value of p=0.8.

Toy Example (Contd.)
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Toy Example (Contd.)

k α β Power

9 0.4073 0.0043 0.9957

12 0.0481 0.1329 0.8671

15 0.0007 0.7287 0.2713

17 0 0.982 0.018

The probabilities of type I and II errors and the 
power for various decision rules
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Hypothesis Testing

 Similarities between Hypothesis Testing and 

American Criminal Justice System

Consider a scenario in which an individual 
(defendant) is being tried for murder. Suppose you 
are, as one of the members of the jury, deciding the 
guilt or innocence of the defendant.

Standard for judgment used in American Criminal 
Justice System: Defendant is presumed innocent until 
proven guilty beyong a “reasonable doubt.”

What are H0 and Ha?
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In this context, a Type I error mean….

1 2 3 4

0% 0%0%0%

1. A guilty person is 
judged not guilty.

2. An innocent person 
is judged guilty.

3. A guilty person is 
judged guilty.

4. None of the above.
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Two Types of Errors

What is True?

Judgment Defendant is 

Innocent

Defendant is

Guilty

Do not reject the 

presumption of 

innocence 

(verdict not guilty)

Correct Decision

Prob. = 1 – α

Type II Error

Prob. = β

Reject the 

presumption of 

innocence 

(verdict guilty)

Type I Error

Prob. = α

Correct Decision

Prob. = 1 – β
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When you reject the null hypothesis, you 
run the risk of…….

1 2 3 4

0% 0%0%0%

1. Committing a Type I 
error.

2. Committing a Type 
II error.

3. Committing a Type 
III error.

4. No error is involved, 
as the decision has 
to be correct.
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Approaches to Hypothesis Testing

 Critical value approach

 p-value approach (very useful if you are performing a 

hypothesis test using software)
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Large sample test of hypothesis about 
population mean μ

 Step 1: Write down the null and the alternative 

hypothesis.

 Step 2: Calculate the test statistic:

n

X
Z


0


ns

X
Z 0

If σ is known: If σ is unknown: 
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Large sample test of hypothesis about 
population mean μ

 Step 3: Decision Rule:

Case 1: H0: μ = μ0 vs.      Ha: μ > μ0

Reject H0 if Z > zα

Case 2: H0: μ = μ0 vs.      Ha: μ < μ0

Reject H0 if Z < -zα

Case 3: H0: μ = μ0 vs.      Ha: μ ≠ μ0

Reject H0 if Z > zα/2, OR if Z < -zα/2
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Hypothesis Testing

 Example 3:

A supermarket chain claims that it pays its hourly 
employees at the rate of $10 an hour.

The employee union feels that the average hourly 
rate is actually less than $10, and wish to 
investigate the claim.
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Hypothesis Testing

 Example 3:

A random sample of 33 employees revealed that 
the average hourly wage is $8.54 and with a 
standard deviation of $3.25.

Is there enough evidence in the data to conclude the 
true average is less than $10? 

Use 5% level of significance.
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Hypothesis Testing

 Solution:

 Test Statistic: 

 Decision Rule:

We wish to test:    H0: μ = 10      vs. Ha: μ < 10

58.2
3325.3

1054.8



Z

Reject H0 if Z < -z0.05  Reject H0 if Z < -1.645

Thus we conclude that there is enough evidence in the 
sample data to suggest that the true mean is less than $10.
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Hypothesis Testing

 Observed Significance Level (or p-value)

Observed Significance level of a test is the probability of 

observing a value of the test statistic that is at least as 

supportive of the alternative hypothesis as the one 

observed from the sample data.

 Decision Rule Based on p-value

In any hypothesis testing problem, the decision rule 

based on the p-value is given by:

Reject H0 if p-value < α.
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Hypothesis Testing
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Hypothesis Testing

MA 214

Smaller the p-value, more supportive it is 
of the…..

1 2 3 4

0% 0%0%0%

1. Null Hypothesis

2. Alternative 
Hypothesis

3. Depends on the 
level of significance.

4. Can’t say without 
knowing the exact 
value
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Small sample test of hypothesis about 
population mean μ

 Assumptions: The population is Normally distributed.

 Step 1: Write down the null and the alternative 

hypothesis.

 Step 2: Calculate the test statistic:

ns

X
t 0
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Large sample test of hypothesis about 
population mean μ

 Step 3: Decision Rule:

Case 1: H0: μ = μ0 vs.      Ha: μ > μ0

Reject H0 if t > tα

Case 2: H0: μ = μ0 vs.      Ha: μ < μ0

Reject H0 if t < -tα

Case 3: H0: μ = μ0 vs.      Ha: μ ≠ μ0

Reject H0 if t > tα/2, OR if t < -tα/2
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Large sample test of hypothesis about 
population mean μ

 Note 1: tα and tα/2 are percentiles of the t-distribution 

with (n – 1) degrees of freedom.

 Note 2: Even in small samples, if σ is known and the 

population is approximately Normal, use the Z-test the 

same as in the large sample case.
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Hypothesis Testing

 Example 4:

Suppose a statistics professor feels that the average 
number of classes the undergraduate students at BU 
miss each semester is five.
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The null and the alternative hypotheses 
are….

1 2 3 4

0% 0%0%0%

1. H0: µ=5 vs. Ha: µ>5

2. H0: µ=5 vs. Ha: µ<5

3. H0: µ=5 vs. Ha: µ≠5

4. None of the above

MA 214
39

Hypothesis Testing

 Example 4:

To verify her assertion, she randomly selected ten 
undergraduate students and asked them how many 
classes they missed last semester. The students’ 
responses are as follows: 

4, 7, 2, 0, 1, 0, 10, 2, 0, 3

Data summary: 9.2X 31.3s

Does the data support the professor’s belief at 5% level of 
significance? 
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Hypothesis Testing

 Solution:

 Test Statistic: 

 Decision Rule:

We wish to test:    H0: μ = 5      vs. Ha: μ ≠ 5

0.2
1031.3

59.2



t

Reject H0 if t < -t0.025 OR t > t0.025


Reject H0 if t < -2.262 OR t > 2.262

Thus there is not 
enough evidence 
to reject H0.
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Hypothesis Testing
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Hypothesis Testing

 Example 5:

State officials have expressed an 
opinion that at least 15% of the 
cars on the road would not pass 
safety inspection.

To verify the claim, a random sample of 100 cars is 
selected, of which 25 cars are found to be unsafe.

Is there enough evidence in the sample to accept the 
claim? Use 5% level of significance.
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Inference about a population proportion

 When the population consists of nominal data (e.g., if 

the population prefers Coke or Pepsi), the only 

meaningful inference that can be made is about the 

proportion of occurrence of certain events.

 p denotes the proportion of occurrence of the outcome 

that we are interested in (success). Suppose x is the 

number of successes in a random sample of n trials, 

then a sample estimate of p is given by, 

n

x
p ˆ
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Test of hypothesis about population 
proportion p

 Step 1: Write down the null and the alternative 

hypothesis.

 Step 2: Calculate the test statistic:

 
n

pp

pp
Z

00

0

1

ˆ





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Test of hypothesis about population 
proportion p

 Step 3: Decision Rule:

 Assumption: The sample size n should be sufficiently 

large so that np0 ≥ 15 and n(1-p0) ≥ 15.

Case 1: H0: p = p0 vs.      Ha: p > p0

Reject H0 if Z > zα

Case 2: H0: p = p0 vs.      Ha: p < p0

Reject H0 if Z < -zα

Case 3: H0: p = p0 vs.      Ha: p ≠ p0

Reject H0 if Z > zα/2, OR if Z < -zα/2

MA 214
46

Hypothesis Testing

 Example 5 (Contd.)

Note that

 Test Statistic: 

 Decision Rule:

We wish to test:    H0: p = 0.15      vs. Ha: p > 0.15

25.0
100

25
ˆ p

Reject H0 if Z > z0.05 
Reject H0 if Z > 1.645

Thus we reject H0 and conclude 
that the true proportion is greater 
than 15%.

 
80.2

100

15.0115.0

15.025.0





Z

What is the p-value of the test?


