Where We’ve Been

MA 214: Applied Statistics
Instructor: Ashis Gangopadhyay

Regression Analysis
Part|

= Characterizing populations based on
certain features of the populations
(population parameters), such as
mean, median, standard deviation, etc.

m Comparing between these features
across populations.
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Where We’re Going

History

m Develop statistical models that
describe the relationship between
two more variables.

= Quantify the strength of the
relationship.

m Use the model for prediction.

 Developed by Sir Francis Galton (1822-
1911) in his article “Regression towards
mediocrity in hereditary structure”

MA 214

Regression Model

About Models......

"All models are wrong, but some are useful.”

-George E. P. Box
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Regression Analysis
Relationship between Variables

= Functional Relationship:

y = Total sales volume of a product at $2/unit
x = Number of units the product sold

y=2x

Regression Analysis
Relationship between Variables

= Scatter Plot of the Data and Trendline

Data: &7 -
e g /'//
Month x y g - - -
1 75 $150 S g4 -
2 55 $110 8 _//
3 90  $180 @ 84~
4 105 $210 R
; . T .
60 80 100 120

unit sold

= All observations are directly on the line!

1 75 $150

2 55 $110

3 90 $180

4 106 $210
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In the linear relationship Y=52+4X, the
slope 4 indicates....

Statistical Relationship between
Variables

1. For every unit
increase iny, X
goes up by 4 units.

. For every unit
increase in x, y
goes up by 4 units.

3. Regardless of x, y
remains the same.

4. None of the above. Sl |
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Example:

= An academic advisor wants to predict more
accurately the average annual salaries of
graduating students.

= She believes that variables, such as the
major, years of related experience, GPA,
and SAT score, affects a person's salary.

MA 214 10

Statistical Relationship between
Variables

Regression Analysis

Example Data Set

= To investigate this further, she randomly selected
twelve recent alumni, and collected data on the
annual salaries of these individuals, along with
information on the variables mentioned above. At
this time, we look at a portion of the collected data.

= Here is the full data set acquired by the advisor:

SAT GPA #Drinks/Week Yrs.exp.  Major Salary
1400 3.16 8 4 Engineering 82
1725 2.87 10 7 english 101
1681 2.93 o} 10 Biology 149
1706 2.26 5 4 english 56
1668 3.07 0 7 Biology 105
1709 2.97 o 7 statistics 104
1684 2.93 0 6 Business 30
1689 2.87 0 7 Engineering 105
1743 2.78 9 5 Biology 71
1739 2.86 16 2 Business 24
1692 3.43 o 2 english 30
1696 2.78 5 5 Biology 74

MA 214
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1 Regression Analysis

Example Data Set

Regression Analysis
Relationship between Variables

= For now we will focus on these two variables.

= Statistical Relationship Between Variables
Example: The variables are years of related experience
and annual salary of the twelve people in the sample.

Person Years of experience Annual salary (in thousands of $)
82

101
149
56
105
104
30
105
7
24
30
74

5}
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"
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MA 214 14

Regression Analysis
Relationship between Variables

SAT GPA # Drinks/Week| Yrs. exp.| Major Salary
1400 3.16 8 4 Engineering 82
1725 2.87 10 7 english 101
1681 2.93 0 10 Biology 149
1706 2.26 5 4 english 56
1668 3.07 0 7 siology 105
1709 2.97 0 7 statistics 104
1684 2.93 0 6 Business 30
1689 2.87 ] 7 Engineering 105
1743 2.78 9 5 Biology 71
1739 2.86 16 2 Business 24
1692 3.43 0 2 english 30
1696 2.78 5 5 Biology 74
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Regression Analysis
Relationship between Variables
= Scatter Plot (Graphical Description of Regression Data):
Dependent variable (y) is plotted against each covariate
(x) in a two-dimensional plot.
< .
g 5 :
g ¢
£ ?] :
< 2 - .
e
& T T T T
2 4 6 8 10
Years of Experience
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= Clearly the data points do not fall on a line. Still, one can
visualize a straight line that can be used to describe the
underlying “trend” (average) of this data. This describes
a statistical relationship between the two variables.

Annual Salary
140
[ R

20 40 60 80 100

T T T T T
2 4 6 8 10

Years of Experience
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Regression Analysis
Relationship between Variables

Typical Patterns of Scatter Diagrams

Positve inear reafionship i relationship
99&8:? ¢ [
© 9
© e LX)

© © [2)

’—

Negative nonlinear reiationship Nonlinear (concave) relationship

This is a weak linear relationship.
Anon inear
fithe data beter M

Regression Analysis
A Formal Definition

MA 214 17

= Regression analysis is a statistical technique
concerned with relating a variable of interest called
dependent variable denoted by y (also called
response variable), to a set of independent
variables (also called covariates or predictors)
denoted by x4, X, ....

= The objective of regression analysis is to build a
statistical model that can adequately describe,
predict and control the dependent variable on the
basis of independent variables.

MA 214 18




A real estate agent wants to predict the price the homes
in a neighborhood based on the information about the
number of rooms. The response variable is

25%

J . Price of the homes 25%  25%  25%

2. Number of the m
homes

3. Taxes assessed on
the homes

4. Need to know more
about the problem

MA 214 2 3 4

Regression Analysis
Selection of a Statistical Model

= In general, selection of statistical model is dictated on
the type of dependent variable, and covariates included
in the study. One can use the following rule to decide
about the appropriate statistical model that can be used
to analyze a data. Keep in mind that there are
exceptions to these general rules.

Dependent Variable

Covariates Continuous Nominal
Continuous Regression Logistic Regression
Nominal ANOVA Categorical Data

Analysis
MA 214
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Regression Analysis
Simple Linear Regression Model

Regression Analysis
Simple Linear Regression Model

= Suppose we have data {(x,y), i =1,2,...,n}

= Asimple linear regression model describes the relationship
between the dependent variable Y and the independent variable
X as follows:

vi=B+px +e, i=12,..,n
where

;i is the value of the dependent variable for the ith observation
X, is the value of the independent variable for the ith observation

vi=p+px +e, i=12,..,n

s B, is the intercept term of linear regression

= B,is the slope of the linear regression

= g is the random error term associated with the ith observation.
We generally assume that the random errors {¢;, 1 = 1, 2, ..., n}
are independent and normally distributed with mean 0 and
variance o02.

= Note: B, B;, and 02 are the parameters of the model

MA 214 21
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Regression Analysis
Linear Regression Model

Regression Analysis
Linear Regression Model

Yi=Bo + B Xt g
£ ~N(0,02) > E(g) = 0
E(Y;) =B, + By X

Y

X
X X,

Y =+ B X +¢

Bo
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Regression Analysis
Danger of Extrapolation!!

extrapolation ! interpolation

extrapolation

Regression Analysis
Simple Linear Regression Model

MA 214

= A Graphical Description of Linear Regression Model

Y=Bg+hiX

MA 214 26

Regression Analysis
Simple Linear Regression Model

= Example (continued):
Suppose we decide to use the following linear regression model
to describe the data:

y,=—06+15x,+¢, i=12,.,12
= For observation #1: x; = 4, y, = 82
Thus: 82 =-.6 +4*15+ ¢, or, £,=22.6
= For observation #5: x, =7, y, = 105
Thus: 105=-6+7*15+¢,, or, &, = .6
and soon...

Regression Analysis
Estimation of parameters
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= 1.4.2 Estimation of model parameters B, and 3,

Least square criterion

The “best” regression line (called least square line) is the one
that minimizes the vertical sum of square deviations from the
data points to the fitted line.

= Mathematically, it means that we need to choose the

parameters 8, and B, that minimize the following function:
2

f(ﬁoaﬂl)zzn:(yi -5 _:lei)

i=1
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Regression Analysis
Estimation of parameters

= This minimization can be carried out using calculus, leading to
the solutions:

()
ﬂl =—- B B
n(zx':l xiz )_ @f:l Xi )z

A=\ 205 (3]|

and

Regression Analysis
Optional material:
Derivation of slope and intercept estimates

MA 214 29

= To find the pair of points (8, 8,) that minimizes the function £_,.),
we compute the partial derivative of the function f with respect to
By and ;.

P n
(Tb’of(ﬂo’ﬂl)_ (_2)§(yi -5 _ﬂlxi)
and
i n

B, f(ﬁo»ﬂl):(_z)i:l (yi -5 _ﬂlxi)xi
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Regression Analysis
Optional material:
Derivation of slope and intercept estimates

= Thus: 6i;}()f(ﬂﬂ,/}]):o implies
np, +[zxi}81 = zyi
i=1 i=1

and if(ﬁo,ﬁl)= 0 implies

Regression Analysis
Optional material:
Derivation of slope and intercept estimates

= These two equations are called normal equations. As can be
verified easily, the solutions of these two equations are given by:

- ny . XYi— @ lxzjlyi)
SR

-t $-a[ 55|

and

3

MA 214
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Regression Analysis
Computations of Slope and Intercept

= Example Fit the least square line to the data in example 1.
Thus

Y X, =66, ¥, =931 x,y,=5960

2 5 2 5

X =422,%" " v} =88021
MA 214 34

Regression Analysis

Computations of Slope and Intercept

B,
n n n
2
2% |Bo+| 27 1B = D%,
i=1 i=1 i=1
MA 214 31
Regression Analysis
Computations of Slope and Intercept
= Example Fit the least square line to the data in example 1.
D X Y X2 Y2 XY
1 4 82 16 6,724 328
2 7 101 49 10,201 707
3 10 149 100 22,201 1490
4 4 56 16 3,136 224
5 7 105 49 11,025 735
6 7 104 49 10,816 728
7 6 30 36 900 180
8 7 105 49 11,025 735
9 5 7 25 5,041 355
10 2 24 4 576 48
" 2 30 4 900 60
12 5 74 25 5,476 370
Total 66 931 422 88021 5960
MA 214 33
Regression Analysis
Computations of Slope and Intercept
= Example Fit the least square line to the data in example 1.
The estimates of :éo and ,él are
2 z NV @ J(Zl 1yt)
l
M2 1x1 i1 i
~ 12(5960)—(66)(931)
B = — =14.229
12(422)~(66)
MA 214 35

= Example Fit the least square line to the data in example 1.

The estimates of 3, and S, are

A=y n-(3e]|

B, = %[931— £1(66)]=-0.675

MA 214 36




Regression Analysis
Computations of Slope and Intercept

Regression Analysis
Computations of Slope and Intercept

= Example Fit the least square line to the data in example 1.

The least square line is given by:

Y =-0.675+14.229X

Y =-0.675+14.229X

140
I

Annual Salary

20 40 60 80 100

Years of Experience
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Regression Analysis
Interpretations of the fitted model

Regression Analysis
Interpretations of the fitted model

= Data Description
For every 1 year increase in the amount of experience a person
has, the average annual salary goes up by about $14,229.

= Prediction
The fitted model can be used to predict the annual salary of a
new person that has started a new job. Suppose this person has
5 years of experience, what is the estimated annual salary of the
person?

Predicted value of yat x=5: ¥ =—0.675+14.229%5
Y =70.469, i.e.$70,469

= Control
If the annual salary of a person is $125,000, what is the
estimated years of experience?
Y =125 Thus, the model implies:
125=-0.675+14.229X Or,

Yo 125+0.675
14.229

=8.83 years
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A regression model y = 10+0.9x is proposed to relate the
final exam score (y) to the midterm score (x). Jill scores
90 in the midterm. What is her predicted score for final?

Clicker Question.....

.91
2.89

3. 81

4. Can’t be determined
from the information
given.

MA 214 2 3 4

For the salary example, the least square line is given by (approximately)
Salary = -0.7 + 14*Experience

140

What is the average
salary of an
employee with 20
years of
experience?

Annual Salary

20 40 60 60 100

Years of Experience

MA 214




What is the average salary of an employee with 20
years of experience?

1. About $100 K 25%  25%  25%
2. About $140 K M
3. About $280 K

V4. None of the above

25%

MA 214 2 3 4

Regression Analysis
Estimation of error variance o2

= 1.6.1 Estimation of error variance 02
Some useful definitions

= Estimate of 0? (called Mean Squared Error or MSE)

O"_Z — SSE — z:;letz _ 2j=l(y[—ﬁo—ﬁ]x,)2

n-2 n-2 n-2
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Regression Analysis
Estimation of error variance o2

= Example 1 (Contd.) Estimate of o2
voo(r-7)

Xy Fitted values Residuals

4 B2 56.24 25.7599
7 101 98.93 2.0734 Note: If the computations are
10 149 141.61 7.3870 done correctly, the residuals
4 56 56.24 -0.2401 always add up to zero.
7 105 98.93 6.0734
7 104 98.93 5.0734
6 30 B84.70 -54.6977
7 105 98.93 6.0734
5 71 70.47 0.5311
2 24 27.78 -3.7825
2 30 27.78 2.2175
5 74 70.47 3.5311
Total approx. 0
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Regression Analysis
Estimation of error variance o2

Some useful definitions

= Predicted Values or Fitted Values:

V=L +PBx, i=12,.,n
= Residuals:

e=y,—-¥, i=12,..,n

= Error Sum of Squares (SSE):

no o9
Zizl €

MA 214
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Suppose the least square line is given by
Y = 4 + 2x . For a data point (x=2,y=9) the
(fitted value, residual) are:

1.(2,9) 5% 25% 2%  25%
2.(8,9)
Vv3.(8,1)
4.(1,8)
MA 214 2 3 a

Regression Analysis
Estimation of error variance o2

= 1.6.1 Estimation of error variance 02

= Estimate of 0? (called Mean Squared Error or MSE)

SSE=3" ¢? =3846

.o SSE 3846
o° = =

——=384.6
n-2 10
6 =+/384.6 =19.61
MA 214
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Regression Analysis
Estimation of error variance o2

Regression Analysis
Inference about model parameters

= Computational formula for &>

1 n ~ n ~ n

A2 2

o = zy[ _ﬂozyi_ﬂlzx[y[
n=213 i=1 i=1

Example 1 (contd.) Alternative computation of &2

6’ = % [88201—(~0.675)(931)—14.229(5960)]

6 =20.06

= Inference about B,
TotestHy: By =b
= Test Statistic:

f= ,Bl tb , Where S(ﬁl) is the standard error of the

S\P

estimate /3, and is given by
A2 A2

s (/31): " (5 -x) ) "o M

MA 214
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1 Regression Analysis
1.7 Inference about model parameters

Regression Analysis
Inference about model parameters

= 1.7.1 Inference about g,

Decision Rule:

Hy:By=b  vs. H,:By>b

Reject H, if t > 1,

Hy:By=b  vs. H,;:By<b

Reject Hy if t <- t,

Hy:By=b  vs. H:By#b

Reject H if t < -t , orif t > 1,

= Inference about B,

= Note 1: {, and t,, values are based on (n-2) degrees of freedom

= Note 2: The hypothesis Hy: B, =0 vs. H,: B; # 0 is of particular
importance. The null hypothesis H,: 8; = 0 suggests that there is
no linear relationship between the dependent variable y and
covariate x; whereas the alternative hypothesis H,: 8, # 0
suggests the existence of a linear relationship. Most statistical
software would automatically report the p-value related to this
test, as a standard part of regression output

MA 214 50

Regression Analysis
Inference about model parameters
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Regression Analysis
Inference about model parameters
= Inference about B,
= Example: Test the hypothesis Hy: 8; =0 vs. H,: B; # 0 at 5%
level of significance.
~2
- o 384.6
(3)= - = 6519
R
2N e 12
n
. B —b 14.229-0
S(ﬂl):*/6-519 =2.553 ,thus ¢ = A=b 1822970 _ 575
s 2.553

1

= Inference about B,

= Reject H, if t > ; yp5 OF t < -t oo5 With 10 df. From the table:
fo.025 = 2.228

= Inourcase, t =5.573, so reject H, and conclude that annual
salary is linearly related to the years of experience held by a
person.

MA 214
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1 Regression Analysis
1.7 Inference about model parameters

= Inference about g,
= A confidence interval for 8, with confidence coefficient (1 — a) is
givenby: f3 £ tas(ﬂl)
2

= Note: tg is based on (n — 2) degrees of freedom
2

= Example: 95% confidence interval for B,

B, =14229,5(8, )= 2.553,1,p; =2.228 (10 df)
< (8.541,19.92)

Regression Analysis
Inference about model parameters

MA 214 55

= Thus, every 1 year increase in the number of years of
experience would result in an average increase of the annual
salary between $8,541 and $19,920 with 95% confidence.

Regression Analysis
Inference about B,

= Note that the inference about B, may not be meaningful unless
data is available at or near x =0

= Confidence interval for g,

ﬁo x lgs(ﬂo )
2
= where s(ﬁo) is the standard error of /3 given by:

A2 2 o

Sz(A )7 (o2 Zi:]xi Uzz,:lx,
)T T . v | (Z )Z—
nzizl (xi _x) n Z” xzfi’zl)g

=171
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Regression Analysis
Inference about B,
= Example: Compute a 95% confidence interval for G,
- 384.6(422
sz(ﬁo): 7()2 =229.2
66
12 422—( )
12
By =—0.675,5(B, )=15.14.1, ., =2.228 (10 df)
< (~34.41,33.06)
It is important to recognize that this confidence interval has some
information that has no practical meaning in this context, as it is not
meaningful to say that the salary of a person is a negative value.
MA 214 58

Regression Analysis
Inference about B,

n
MA 214 : &
Regression Analysis
Inference about B,
= Test of hypothesis for g,
Totest Hy: By =a
= Test Statistic:
—a
=P .
S\Wo
= Recall
A2 2 T
sz(ﬁ )7 o z,:l i &Y i
0)= " =vaall . Y1
nzle (x, —X) i Z:Lu : 7(2,;1",)2
MA 214 : &

= Test of hypothesis for g,

Decision Rule:

Hy:By=a vs. H,:By>a

Reject H if t > t,

Hy:By=a vs. HiB,<a

Reject H, if t <- t,

Hy:By=a vs. HguB,#a

Reject Hy if t < -ty orif t >t

Note: f, and t,, values are based on (n — 2) degrees of freedom

MA 214 60




Regression Analysis
Inference about B,

=  Example:
Hy:By=0 vs. HiB,#0

Test statistic

t:m:_().(m
15.14

Reject Hy if t > t) 555 Or t < -t 555. (£ 025 = 2.228 at 10 df).

Thus, do not reject H,.

What is the most common rational for
significance testing in regression model?

IV4. To test if the slope

MA 214 61

1. To test if the 25% 25%  25%  25%
intercept is M M
significantly large.

2. To test if the slope
is positive.

3. To test if the slope
is negative.

is different from O.

MA 214 2 3 4

Application of Regression Model

= Inference about the dependent variable
Two types of inferences:

« Inference about the mean of y (expected value of y or
E(y)) at a given value of x = x,,.

« Prediction of an individual value of y at a given value of
X=X,
P

Application of Regression Model

MA 214 63

= Interval estimation of E(Y) at x = x,,
Point Estimate of E(Y): J,, = S, + [,X,,
Confidence interval

B tt,s(,)
where S( }7,") is the stanzdard error of the estimate JA/m
given by \
N s

6 || —+

" zl:l (xf _f)z
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Application of Regression Model

= Example

a. Construct a 95% confidence interval for E(Y) at x = 5.
This is an estimate of the average annual salary of all
people with 5 years of experience.

9, =—0.675+14.229(5)=70.47

. 1 (5-55)
=19.61 || —+——"1 =580
)19 | 55

95% Confidence Interval for E(Y) at x=5is
70.47 £2.228x5.80 <> (57.55,83.39)

Application of Regression Model
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= Example

b. Construct a 95% confidence interval for E(Y) at x =9

$, =—0.675+14.229(9)=127.39

. 1 (9-55)
=19.61 || —+———[=10.578
)19 | L0785

95% Confidence Interval for E(Y) at x =9 is
127.39+2.228x10.578 <> (103.82,150.96)

MA 214 66




The Cl for E(Y) at x=5 is shorter, because
x=5 is

Application of Regression Model

1. a prime number. 5% 25% 25%  25%
2. is near the

boundary of the

dataset.

IV& is near the center of

the dataset.

4. No specific reason,
just how it is for this
data.

MA 214 2 3 4

= Example
What is the difference between the results in parts a and b?

D

140

Annual Salary

20 40 60 80 100

Years of Experience

Fitted line and confidence bands for E(Y)
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2 Application of Regression Model

2 Application of Regression Model

= Prediction interval of Yat x = x,
Best Predictor of Y: J7,, = ,30 + ﬁlxp

Standard Error of JA/p
(x,

Z:ZI (x,. B f)z

Note: S2 (y,, ) = 0'2 + Sz(ym ) ; i.e., the variance of the best
predictor at a given value of the covariate is the sum of the estimate of error
variance and the variance of the estimate of the mean of the dependent
variable at the same value of the covariate.

s(j/p):& 1+l+
n

= 2.0.5 Prediction interval of Yat x = x,
Prediction interval
3, x,s(5,)
= Example: Construct a 95%/0 prediction interval of Y at x = 5. This

prediction interval provides a salary estimate of an individual
with 5 years of experience.

$,=-0.675+14.229(5)=70.47

. 1 (5-5.5)
=19.61 || 14— +—"L | =20.45
05,) {+12+ 59 w
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2 Application of Regression Model

2 Application of Regression Model

= 2.0.5 Prediction interval of Yat x = x,

95% Prediction Interval for E(Y) atx=5is

70.47 £2.228%20.45 <> (24.91,116.03)

= Note that the prediction interval for Y at x = 5 is significantly
wider than the confidence interval for E(Y) at x = 5.

140

Annual Salary

20 40 60 80 100

Years of Experience

Confidence bands and prediction bands for the data in example 1
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